
Int. J. Solids Structures, 1966. Vol. 2. pp. 27 to 35. Pergamon Press Ltd. Printed in Great Britain

NOTE ON THE PRINCIPLE OF
STATIONARY COMPLEMENTARY ENERGY

APPLIED TO FREE VIBRATION OF AN ELASTIC BODY

KYUICHIRO WASHIZU

Department of Aeronautics, University of Tokyo, Bunkyo-ku, Tokyo, Japan

Abstract-A free vibration problem of an elastic body is treated in the present paper from the viewpoint of
variational formulations. The principle of stationary potential energy is written for the problem. Then, it is
generalized through the use of Lagrange's undetermined multipliers and the principle of stationary complemen
tary energy is shown to be derivable from the generalized principle.

1. INTRODUCTION

IT WAS shown in References [1] and [2] that the principle of stationary complementary
energy might be extended to eigenvalue problems such as free vibration and stability of
elastic bodies. The principle was introduced and proved by Reissner [3] for a problem in
which loads, stresses and displacements are simple harmonic functions of time. However,
little mention has been made of a systematic derivation of the principle.

The purpose of the present paper is to show that the principle of stationary com
plementary energy can be derived in a systematic way from the principle of stationary
potential energy through the use of Lagrange multipliers. A formulation is made for a
free vibration problem of a three-dimensional elastic body, to begin with. Then, it is
applied to free lateral vibrations of an elastic beam. A special mention is made of the
Rayleigh-Ritz method applied to the principle of stationary complementary energy.

2. FORMULATION OF THE PROBLEM AND THE PRINCIPLE OF
STATIONARY POTENTIAL ENERGY

Let a free vibration problem of an elastic body be defined by allowing the body to be
mechanically free on part 81 of the surface boundary and geometrically fixed on the
remaining part 82, The problem is confined to small displacement theory. Then, all the
equations defining the problem are linear and the stresses, strains and displacements of
the body behave sinusoidally with respect to time. Consequently, if we denote the am
plitudes of stresses, strains and displacements by O'ij' 8ij and U;, respectively, we have for
the equations of motion:

i = 1,2,3, (1)

where O'ij = O'j;' The summation convention is used throughout the present and next
sections. In equations (1), A. = w2

, where w is the natural circular frequency and p is the
27
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density of the material of the body. The boundary conditions are given by

and

Ui = 0,

i = 1,2,3 on Sl'

i = 1,2,3 on S2'

(2)

(3)

nj being the direction cosines of the unit normal drawn outwards on the boundary. For
the sake of simplicity, we shall confine our subsequent discussion to a free vibration
problem in which all the eigenvalues are non-zero and positive.

From equations (1) and (2) we have

- Ifi (0" ij ,j + ApU j)<5Ui dV + Sf 0"ijnj<5Ui dS = 0, (4)
V 8,

where dVand dS are elements of the volume and surface area, respectively. After some
calculation, equation (4) can be written as follows:

ffIv 0" jJ&ij dV - AffIv PU j<5Ui dV = 0, (5)

where equations (3) have been used in the derivation and

s·· = 11
2

1 u· ·+U· .).I} 2\ I,J J,I

If the relations between amplitudes of stresses and strains are given by

(6)

(7)

or conversely by

(8)

we are assured of the existence of the potential energy function A(sjj) and the comple
mentary energy function B(O"ij) defined by

(9)

as follows:

(10)

For later convenience, a notation A(uj ) is introduced here to indicate that the arguments
Sij of A are replaced by U j through the use of equations (6). With these preliminaries, we
obtain the functional for the principle of stationary potential energy as follows:

(11)

where the quantities subject to variation are Uj under the subsidiary conditions (3),
where Ais treated as a parameter not subject to variation. It is well known that the principle
(11) is equivalent to finding, among admissible functions U i , those which make the Ray
leigh quotient defined by

(12)

stationary and that the stationary values of A provide the eigenvalues [4, 5, 6].
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3. DERIVATION OF THE PRINCIPLE OF STATIONARY
COMPLEMENTARY ENERGY

The principle (11) can be generalized in a manner similar to the developments for
boundary value problems [7, 8, 9], and we obtain one of the generalizations as follows [10]:

where (Jij and Pi are Lagrange multipliers and the quantities subject to variation are
(Jij; eij; Ui; and Pi under no subsidiary conditions. The stationary conditions with respect
to these quantities are shown to be equations (6); (7); (1), (2) and

(14)

and (3), respectively.
Several variational principles can be derived from the generalized principle. Here,

we shall derive two expressions for the principle of stationary complementary energy
under the assumption that A. =P O. First, it is shown that elimination of eij by the use of
equations (7) and a simple calculation by the use of equations (1), (2) and (14) lead to a
transformation of the functional (13) as follows:

n = Hf B((Ji)dV-tA.fH puiuidV,
c v v

(15)

where the quantities subject to variation are (Jij and Ui under the subsidiary condi.tions
(1) and (2). The stationary conditions are shown to be the conditions of compatibility (6)
and the geometrical bo~ndary conditions (3). The functional (15) is equivalent to that
introduced by Reissner [3].

Further elimination of the displacement components Ui by the use of equations (1)
and a multiplication by a factor (- A.) lead to a transformation of the functional (15) as
follows:

where Vi is given by

Vi == -(I/p)(Jij.j

(16)

(17)

and the quantities subject to variation are the stress components under the subsidiary
conditions (2). The stationary conditions are shown to be equivalent to the conditions
of compatibility and the geometrical boundary conditions on S2' It is seen that the
principle (16) is equivalent to finding, among admissible (Jij' those which make a Rayleigh
quotient defined by

(18)

stationary and that the stationary values of A. provide the eigenvalues of the transformed
problem.

Mention should be made of the transformed eigenvalue problem derived from the
functional (16). It is observed that the governing equations of the transformed problem
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contain not only all the non-zero eigenvalues of the original problem, but also an addi
tional eigenvalue A = 0 and that all the sets of (1'ij which satisfy

(1' ... = 0
I).}

(19)

and equations (2) constitute a family of eigenfunctions belonging to A = O. This additional
eigenvalue makes the minimum value of the Rayleigh quotient defined by equation (18)
zero, as is shown by substituting one of the family of eigenfunctions into the right hand
side of equation (18).

4. APPLICATION TO FREE LATERAL VmRATION OF A BEAM

We shall take as an example a beam clamped at one end x = 0, and simply supported
at the other end x = I. The principle of stationary potential energy for the present problem
is given by

II I'n= t 0 El(w")2 dx -tA 0 mw2dx, (20)

where El, wand m are the bending rigidity, deflection and mass per unit span of the beam,
respectively, and ( )' = d( )jdx. In the functional (20), the quantity subject to variation
is w under the subsidiary conditions

w(O) = w(l) = w'(O) = O.

We denote eigenvalues and corresponding eigenfunctions by

i = 1,2,3, ...

in the ascending order of magnitude such that 0 < Al < A2 < ....
By the introduction of an auxiliary function K(x) defined by

K = wI'

(21)

(22)

(23)

and Lagrange multipliers M(x), P, Q and R, the functional (20) can be generalized as
follows:

I' I In= t E1K2dx-tAI mw2 dx+I (K-w")M dx+ Pw(O) + Qw(I) + Rw'(O),
I 0 0 0

(24)

where the quantities subjected to variation are K, w, M, P, Q and R under no subsidiary
conditions. The stationary conditions with respect to K and ware shown to be

E1K+M = 0,

M"+Amw = 0,

P-M'(O) = 0, Q+M'(l) = 0,

M(l) = O.

R+M(O) = 0,

(25)

(26)

(27)

(28)

(29)

Eliminating K, P, Q and R by the use of equations (25) and (27), and with the aid of
equations (26) and (28), we. may transform the functional (24) as follows:

IJ' M2 1J'11= - -dx- -A mw2 dx
2 0 El 2 0 '



(30)
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where the quantities subject to variation are M and w under the subsidiary conditions
(26) and (28).

Further elimination of w from the functional (29) by the use of equation (26) and a
multiplication by a factor ( - A) lead to

~ IJI 1fl M 2

Q= 2" 0 mW
2

dx - i 0 E1 dx,

where

W == -(llm)M". (31)

In the functional (30), the quantity subject to variation is M under the subsidiary condi
tion (28). The governing equations of this transformed eigenvalue problem are then
obtained from the functional (30) as follows:

W" + (AIE1)M = 0,

W = 0, W' ° at x = 0,

W= 0, M = ° at x = l.

(32)

(33)

(34)

where W is written in terms of M by the use of equation (31). It is seen that the eigenvalues
and the corresponding eigenfunctions of this transformed problem are given by

Ai, McPi(X); i = 0, 1,2,3, ... (35)

where

Ao ::::::: 0, McPO(X) = x -l, (36)

and

McPi = -E1wcP;'; i = 1,2,3, .... (37)

Thus, the transformed problem contains not only all the eigenvalues and eigenfunctions
of the original eigenvalue problem, but also an additional eigenvalue and corresponding
eigenfunction given by equations (36).

5. RAYLEIGH-RITZ METHOD APPLIED TO THE PRINCIPLE OF
STATIONARY POTENTIAL ENERGY

It is well-established that when variational formulations are available, the Rayleigh
Ritz method provides a powerful tool for obtaining approximate solutions [4, 5, 6]. When
the method is applied to the principle (20), we may assume

"
W = L c;wi(x),

i=1

(38)

where Wi is a coordinate function which satisfies equation (21). Substituting equation (38)
into the functional (20) and requiring that

3
orr/oe; = 0; i = 1,2, ... , n, (39)
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we obtain a characteristic equation which determines approximate eigenvalues

(40)

where it is specified that Al ;:; A2 :S '" :S An. They provide upper bounds of the exact
eigenvalues as follows [5, 7,11]:

i = 1,2, ... ,no (41)

A numerical example is shown by taking

W = (C I X 2 +C2X 3)(X-1) (42)

for a beam with constant E1 and m. Numerical results are shown in Table 1 and compared
with the exact eigenvalues.

TABLE I. EXACT AND APPROXIMATE EIGENVALUES

Approximate eigenvalues
Exact

eigenvalues Rayleigh-Ritz Modified Rayleigh-
method applied to Ritz method applied
the functional (20) to the functional (29)

kl 15·42 15·45 15·42

k2 49·96 75·33 51·93

6. RAYLEIGH-RITZ METHOD APPLIED TO THE PRINCIPLE OF
STATIONARY COMPLEMENTARY ENERGY

Next, we shall apply the Rayleigh-Ritz method to the principle of stationary comple
mentary energy. Since the principle has two expressions as given by the functionals (29)
and (30), we may have two approaches for obtaining approximate solutions.

The first approach, which is sometimes called the modified Rayleigh-Ritz method [12],
employs the functional (29) and its outline is as follows: We shall choose W as given by
equation (38) where the coordinate functions Wi are so chosen as to satisfy equation (21).
As the derivation of the functional (29) shows, it is not necessary for the coordinate
functions to satisfy equation (21). However, this imposition is very desirable for improving
the accuracy of approximate solutions and is essential for obtaining inequality relations
given later by equations (47). We substitute equation (38) into equation (26) and perform
integrations with the boundary condition (28) to obtain

n I J'(ljA)M=c(x-l)- L cif [ mWwi(~)d~]d1],
i= I x ~

(43)

where c is an integration constant. Substituting equation (38) and (43) into the functional
(2~) and requiring that .

(44)
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and

i = 1,2, ... , n, (45)

we obtain a characteristic equation which determines non-zero approximate eigenvalues

At, A!, ... , A:, (46)

where they are defined such that At ~ A! ~ ... A:. A numerical example is shown by
taking W as given by equations (42) for a beam with constant EI and m. Numerical results
are shown in Table 1.

Mention is made here of the modified Rayleigh-Ritz method. We see that the inclusion
of the term c(x-l) in equation (43) and the requirement of equation (44) are equivalent
to obtaining the exact beam deflection due to the inertial loading Am1:cjWj . Thus, this
method is equivalent to the Grammel's method in which the exact deflection due to
assumed modes is oqtained by the use of the Green's function or the so-called influence
function [13, 14, 15, 16llt is stated in Reference [13] that when the same assumed modes
(38) are employed, we have the following inequality relations:

i-I, 2, ... , n. (47)

The above relations were proved by Grammel [13] for the Galerkin method in which the
coordinate functions are chosen so as to satisfy all the boundary conditions, namely
equation (21) as well as

Elw" = 0 at x = I. (48)

A rigorous proof that the relations (47) hold for the modified Rayleigh-Ritz method in
which the coordinate functions Wj are chosen so as to satisfy the geometrical boundary
conditions (21), but not n~cessarily the mechanical boundary conditions (48), has been
recently given by Fujita [17].

The modified Rayleigh-Ritz method can be applied to two- or three-dimensional free
vibration problems of an elastic body in a similar manner, if the role of the method is
interpreted as to obtain exact deformations due to assumed loadings by the use of the
complementary energy principle. It is obvious that the same technique can be applied to
other eigenvalue problems [1,2].

When the Rayleigh-Ritz method is applied to the functional (30), we must remember
that the additional eigenvalue given by equation (36) is contained in this transformed
problem. Consequently, we shall take

/I

M = aOMcPO(x)+ L ajMj(x),
j=l

(49)

where Mj(x) is a coordinate function which satisfies equation (28). Substituting equation
(49) into the functional (30), and requiring that

i = 0, 1, 2, ... , n,ollc/oaj = 0,

we obtain (n+ 1) approximate eigenvalues

O A** A** A**, l' 2'···' J: "n ,

(50)

(51)
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where it is specified that 0 < At* ~ Ai* ~ ... ~ A:*. Then, following a proof similar
to that which leads to the inequality relations (41), we find that

i = 1, 2, ... , n. (52)

A numerical example is shown by taking

M = ao(x-l)+(alx+a2x2)(x-l),

and requiring that

(53)

i = 0,1,2. (54)

After some calculation, we obtain approximate eigenvalues as follows:

0, (70'09)2E1/mI4
, (55)

of which the non-zero values provide upper bounds of the eigenvalues Al and A2 •

The employment of the term aOM<Po(x) in equation (49) is essential for obtaining the
bounds formulae (52), because if this term would be discarded, we would find that the
lowest approximate eigenvalue obtained by the Rayleigh-Ritz method has a non-zero
positive value which is possibly smaller than AI> thus providing an upper bound of the
additional eigenvalue AQ. For example, by taking

M = (a lx+a2x 2)(x-l), (56)

and requiring that

orre!oa j = 0,

we obtain approximate eigenvalues as follows:

i = 1, 2,

(50'20)2E1 /m14

(57)

(58)

which provide upper bounds of the eigenvalue Ao and AI'
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Resllllle-Dans cette etude, Ie probleme de Ia vibration libre d'un corps elastique est traite du point de vue des
formulations sujettes a des variations. Le principe de I'energie potentielle stationnaire est indique pour Ie
probleme. n est ensuite generalise par I'emploi des multiplicateurs indetermines de Lagrange, et Ie principe de
I'energie stationnaire complementaire est indique en tant que derivant du principe generalise.

Z1IlIIlUIUDeafllllllllll-Ein freischwing-Problem eines elastischen Korpers wird in vorliegender Abhandlung yom
Standpunkt der Variationsformulierung betrachtet. Das Prinzip der stationiiren Potenzialenergie ist fUr das
Problem geschrieben und durch Verwendung von Lagrange's unbestimmter Multiplikatoren verallgemeinert.
Das Prinzip der stationaren Komplementiirenergie kann yom verallgemeinerten Prinzip abgeleitet werden.

AficTpaKT-TIp06JIeMa cB060AHoro KOJIe6aHHJI JJIaCTH'IHOrO TeJIa paCCJIeAOBaHHa MeTOAOM BaPHlU\HOHHOA
cPOpMyJIHPOBKH. B np06JIeMY BnHCbIBaeTCJl npHHllHn CTlU\HOHapHoA nOTeHllHaJIbHOA eHeprHH, KOTOPbIA
3aTeM 0606maeTcJI npH nOMOIllH HeonpeAeJIeHHbIX KOJcPcPHllHeHTOB JIarpaH)f(a, npH'IeM BbIJlBJIJleTCJl, 'ITO
npHHllHn CTaUHOHapHoA AOnOJIHHTHJIboA eHeprHH MO)f(HO H3BJIe'lb H3 0606meHHoro npHHllHna.


